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ABSTRACT

In many survival studies, observation on the occurrence of the event of interest
(called a failure) may be prevented by the previous occurrence of another event (called
a censoring event). We assume the random censorship model in which the censoring
time is independent of the survival time. Considering least squares local linear and lo-
cal quadratic approximations to the Nelson-Aalen estimator of the cumulative hazard
function, the estimators of the linear coefficients are called the local linear and local
quadratic estimators of the hazard rate, respectively. The asymptotic normal distribu-
tions of the local linear and local quadratic estimators are established. Performance of
the proposed estimators is illustrated by simulations. We compare the proposed esti-
mators with the kernel estimator and the Jiang and Doksum (2003) estimator by means

of the estimated MISE, and find that the local quadratic estimator behaves favorably.
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1. Introduction

In many survival studies, observation on the occurrence of the event of interest
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(called a failure) may be prevented by the previous occurrence of another event (called
a censoring event). Let T1,..., T, be the survival times for the n subjects under study,
and Cq,...,C, be the corresponding censoring times. We can only observe X; =
min(7;, C;) and 6; = I(X; = T;) (the censoring indicator), ¢ = 1,...,n, where I(-) is
the indicator function. Here, we assume the random censorship model, i.e. C; and T; are
independent, and consider the problem of nonparametrically estimating the underlying
hazard function.

Tanner and Wong (1983) studied asymptotic properties of kernel estimators of the
hazard function based on the idea of convolution using Hajék projection. The kernel
estimator can be regarded as a convolution of the derivative of the Nelson-Aalen esti-
mator, which is the empirical cumulative hazard, with a kernel function. Miller and
Wang (1990) considered local bandwidth choice for kernel estimators with fixed higher
order kernels, and Miiller and Wang (1994) proposed to estimate hazard functions with
varying kernels and data-adaptive bandwidths in order to remove boundary effects.
Jiang and Doksum (2003) considered local polynomial estimators of hazard functions
and their derivatives: the Dirac function is used to define a generalized empirical haz-
ard rate, denoted as Xn(), whose integration up to time z equals to the Nelson-Aalen
estimator evaluated at x. The resulting estimators automatically correct boundary
effects.

The empirical hazard rate defined in Jiang and Doksum (2003) exists only in the
space of Schwartz distributions and is not directly computable. Here, instead of using
the Dirac function to define a generalized empirical hazard rate, we consider a local
polynomial approximation to the Nelson-Aalen estimator of the cumulative hazard func-
tion directly and then estimate its derivative (i.e. the hazard) by the derivative of the
fitted local polynomial. Cheng et al. (2006) suggested local polynomial approximation
to an estimator of the cumulative hazard function which is taken as a transformation of
the Kaplan-Meier estimator of the cumulative distribution function. Both of the above
methods automatically correct the boundary effects. However, our method is simpler
since it does not involve transformation of the Kaplan-Meier estimator. Loader (1999)
introduced local likelihood estimators of hazard rates, which employ local exponential

polynomial approximation to the Kaplan-Meier estimator. Unlike our method, this
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approach does not admit explicit solution to the maximization of the local likelihood
and requires numerical solutions.

In Section 2, we review the kernel estimator and the estimator of Jiang and Doksum
(2003) before introducing our local polynomial estimators. The asymptotic normal
distributions of the proposed estimators are given in Section 3. Numerical illustration
is given in Section 4. Section 5 provides some discussion. The proofs for the asymptotic

properties are deferred to Section 6.

2. Hazard Estimation

Under the assumption of the random censorship, let 77, ..., T}, bei.i.d. with distribution
function F, independent of C1y,...,C), which are i.i.d. with distribution function G.
Let L and [ denote the distribution function and the density of X;, respectively. Then,
L = FG, where for any distribution function E, E = 1— E is the corresponding survival
function. Further let A(z) = —log(F(z)) be the cumulative hazard function. What we
are interested in is to nonparametrically estimate the hazard function A(z) = A'(z) =
f(x)/F(z) on an interval [0,T] such that L(T) < 1. Here we assume that the density
f = F' exists.

In order to introduce the estimators, we define the following notations.

(1) Li(z) = P(X; < x,0; = 1) is the distribution function for the uncensored obser-

vations.

(2) Lin(z) = >0 [(X; < x,6; = 1)/n is the empirical distribution function based

on the uncensored observations which can be used to estimate L;(z).

(3) Ln(z) = >0 I(X; < z)/n is the empirical distribution function based on the
all the X’s and can be used to estimate L(x).

Note that, under the random censoring model, we have
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The Nelson-Aalen estimator of A(z) is

Anm:/ 1= Ly (u) " dLy, (u) = 0
)= J) 0=t ) = 5

where X(;) is the order statistic corresponding to X;, and ;) is the corresponding

indicator variable. Tanner and Wong (1983) proposed the following kernel estimator of

the hazard A(z):

o)

Az) = / Kp(u— ) dAn(u) =Y K (X — ) il

i=1
where K is a kernel function, h is a bandwidth and Kj(-) = K(-/h)/h. The kernel
estimator is a convolution of the derivative of the Nelson-Aalen estimator A,, with an

appropriate kernel function Kj . Here, the derivative of A,, can be expressed by

~_
An(w) = Zl i1l @=Xe) -
where 1 (:U = X(i)) is the indicator variable.
Jiang and Doksum (2003) defined the following generalized empirical hazard rate:
Ko =30 b (e x)
(et h OV

i=1

where D(x) is the Dirac function with the following property:

L/Mme—xMu:ﬂ@

for any integrable function g(x). Then [J Xn(t) dt = Ay (), however A, (-) exists only
in the space of Schwartz distributions and is not computable. They considered the
following local least squares problem: for p =0,1,2,...,

2

min /000 Kp (Xoy) — ) | Anl(u) — Zaj(u —2) | du.

ap,at, - ,ap .
Jj=0

Then their estimator of A(x) is defined as the the fitted value of ap. When z is an
interior point and p = 1, the Jiang and Doksum estimator of the hazard rate is the

same as the kernel estimator.
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Suppose the cumulative hazard function has a p-th order derivative at x. Then,

using a Taylor expansion, locally it can be approximated by a p-th order polynomial:

a;(x)(u — )’

NE

» ,
AU (z) .
A(u) = Z i (u—2z) =
=0 =0
for u in a neighborhood of . Note that a;(z) = AD(z)/5!, j =0,1,2,...,p. Let us
consider the following local least squares problem: for p = 0,1, 2,

2

n P .
omin Y K (X — @) | A (X)) =D a5 (X — =)
) ) yHp i=1 j:0
Denote the solution of (ag,a,... ,ap)T to the above local least squares problem by
a(z) = (ao(z),a1(x),...,ay(z))T. Then, our estimator of the hazard rate \(x) = A’(z)

is @1 (z). We consider two cases: when p = 1 the above procedure yields the local linear
estimator Xloclm(x), and when p = 2, we have the local quadratic estimator /):locqua(x).

Denote

1 n
Sil(@) = — N K (X @) (Xo —2)", k=0,1,2,3,4,
i=1

IR b J0)
Tk(x)zﬁleh(X(i)—CC) (X — ) Z ﬁul, k=0,1,2.
i= X =X@)

Then, we can write

= _ So(z)T(x) — Si(z)Tp(x) = _ Ay(z)
)‘loclin(x) - So(:ﬂ)Sg(x) — S% (:C) ) and Alocqua(x) - A(m) )
where
A(z) = So(x)S2(xz)Ss(x) + 251 (x)S2(x)S3(x)
— S5(x) — So(x)53(x) — SF(x)Sa(),
and

Ay () = [S2(2)S5(x) — S1(x)Sa(x)] To(x) + [So(z)Sa(z) — S5(x)] T1(x)
+ [(S1(2)S2(x) — So(z)S3 ()] Ta(z) -
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3. Asymptotic properties

For a given point z € (0,T"), the following assumptions are needed in order to investi-

gate the asymptotic normal distributions of Xloclin(xO) and Xlocqua(xo).

(A1) The hazard function A(z) has a continuous third derivative at the point zg .
(A2) The sequence of bandwidths & tends to zero such that nh — oo as n — oo.
(A3) L(x) has a continuous fifth derivative at the point x .

(A4) The kernel function K is continuous, symmetric and of bounded variation, and
it has a bounded support [—1,1]. Assume that px = [ K(u)u¥Fdu, k =0,2,4,6
exist, and vy = [ K2(w)uFdu, k=0,1,2,3,4 exist.

In this section, we will establish the asymptotic normality of the local linear and
local quadratic estimators. Since both of our estimators are combinations of Sy(xg)

and Ty (xg), we will analyze Si(zg) and Ty (x) for a given point g € (0,7) first.

Lemma 3.1. Under conditions (A2) — (A4),

Si(0) hE gl (20) + 5P ol (o) + 0, (BFF2) k=0,24;
€T =
e WM gl (o) + §RF 3 gy sl” (20) + 0p(RF3) b =1,3.

Proof. Notice that Si(z¢) are sums of i.i.d. random variables, for k¥ = 0,1,2. By the
Strong Law of Large Numbers, we know that Si(zo) =2 E(S(wo)). Then, using
change of variable for integration, a Taylor expansion and the assumption that the

kernel function is symmetric, we have the following result:

1 n
Sk(wo) = = > Kn(Xa) — 20) (X — 0)"
n

=1
_ / K — 20) (u — 20)F1(u) du (1 + 0p(1)
= hk/ K (0)vFl(zo + hv) dv (1 + 0,(1))

_ hk,ukl(:co) + %hk+2,uk+2l”($0) + Op(hk+2) s k= 0, 2, 4,
hk+1,uk+1l’(:ﬂ0) + %hk+3pk+3lm(xo) + Op(hk—i-S) , k=1,3.
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Theorem 3.1. Under conditions (Al) — (A4), for k=0,1,2,
Vnh=2h-1 {Tk(wo) - 51(960)} -4 N(QL(ﬂco)l(ﬂCo)g(ﬂCo)U%) ;

where

B (o)

(PP A (o) (20)
Fh 2 g [M@o)l' (o) + 5A(20)" (20) + 5N (20)l(x0)]
FRF g {3 (@0) 1 (0) + § [M@o)l” (x0) + N (20)l(x0)]
+o71 [A(@o)l"" (o) + X" (w0)l(20)] }

= k=0,2,
WF g1 [A (o)l (o) + A(o)l ()]
+RF 3 g5 {5 M (o)1 (o) + N (0)l' (0))
+5 [Azo)l" (w0) + N (o)l (w0)]}
k=1

and

g(ao) = /0 (L) dLa ().

Theorem 3.2. Under conditions (A1) — (A4),

B2 3(pa — p3) N (o)l (z0) /Uwo) + 14N (o) }
6 M2

d, L(zo)g(z0)
N<0’ M%l(ﬂfo) 2>'

Vnh {/)\\loclin(xO) — Azo) —

~ 2 20)g(x
Vnh {)\lgcqua(:vo) — AMzmo) — %%X'(mo)} LNV (0, %w) .

The proofs of Theorem 3.1 and Theorem 3.2 are postponed to Section 6.

4. Simulation

In this section, we compare the performance of our estimators with the kernel estima-

tor and the Jiang and Doksum’s estimator (J&D for short) (p = 1) through simulation
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studies. We use the Epanechnikov kernel K (z) = 0.75(1 — 22)I(|z| < 1) for all the es-
timators. In our simulation studies, we consider two underlying distributions, Uniform

model and Weibull model.

In order to control the amount of censoring, we use the proportional censorship
model (see Koziol and Green, 1976; Gonzalez-Manteiga et al., 1996), in which G is
defined by G = F" for some n > 0. This model gives a probability of censoring
¢ =n/(1+n), thus allows a simple control of the amount of censoring in the simulation

through the choice of 7.

Example 4.1 (Uniform) We simulate 500 samples with size n = 500 from the uniform
distribution: T} i F(z) = Uniform|0, 1]. Then the true hazard rate is A(z) = 1/(1 —z)
which is a strictly increasing function on [0, 1] and has the range [0, +00), see the solid
line in Figure 1. The proportional censorship model is used and then, C} = G(z) =
1—F"(x). We choose 1 = % and % so that the probabilities for censoring are £ = % and
%, respectively. Besides, we make the assumption that 7T} is independent of C;. Figure 1
shows our local linear estimates, local quadratic estimate, the kernel estimate, and the
J&D estimate with p = 1, which is the same as the kernel estimator for interior points,
based on one of the 500 simulated samples. The four estimators behave similarly at the
interior points but very differently especially at the right boundary points z € (1—h, 1].
The kernel estimator suffers from boundary effects near the endpoints. We use a fixed

bandwidth h = 0.05 for all the four estimators.

Example 4.2 (Weibull) We simulate 500 samples with size n = 500 from the Weibull
distribution: 7} i F(z) =1 — exp(—y/x), and let C; b G(z) =1— F(z) for n = %
and % T; is independent of C;. Then the hazard rate is a strictly decreasing function
on [0,1] and has the range [0,4+00), see the solid line in Figure 2. Figure 2 depicts
the four estimates based on one of the 500 simulated samples. It shows that all of the
four estimators behave differently at the boundary points x € [0, h). Among these four
estimators, the kernel estimator performs the worst. Here, we use a fixed bandwidth

h = 0.1 for the four estimators.

To examine the four estimators more closely, we compute the estimated MISEs.
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Figure 1 Simulation results for Example 4.1. The probability for censoring £ is %0 in
the top plot and is % in the bottom plot.
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We choose h to be a sequence of 0.08 « 1.1%, k = 0,1,...,15 and find the smallest
estimated MSE at every grid point among these h. Then the estimated MISE is a
numeric integration of the smallest estimated MSE. It provides a measure of overall
performance when an ideal local bandwidth is used. Because there are few observations
near the endpoint 1 in the uniform model, we consider to estimate MISE form 0 to the
maximum uncensored data in each simulation. Let X ((Z])) be the i*" order statistic of
the uncensored observations in the j** simulation. We consider a = m]m <miax <)Z' ((Zj)))>
and estimate MISE = E {/a A(z) — ()] dw} in which @ = 0.98 and 0.92 for the ;5
and é censoring rates, respeozctively.

Table 1 presents the estimated MISE’s for the four estimators under the uniform
model. It shows that the local quadratic estimator has the smallest estimated MISE
among these estimators for the 500 samples under 1—10 censoring rate. Notice that the
true hazard in the uniform case is A(x) = 1/(1 — z) which tends to +00 when z gets
close to 1. The J&D estimator tends to over-estimate the real hazard and hence its
MSE’s at right boundary points (x € (1 — h,0.98)) are much larger than that of our
local quadratic estimator under % censoring rate. The local linear estimator has the
smallest estimated MISE among these estimators for the 500 samples under % censoring
rate.

Table 2 reports the estimated MISE’s for these estimators under the weibull model.
It shows that the local quadratic estimator behaves favorably compared to the other
estimators under both censoring rates. We conclude from both the numerical and the

graphical viewpoints that the performance of our local quadratic estimator is superior

to the J&D estimator.

5. Discussion

We propose local polynomial estimation of hazard rate based on a local polynomial
approximation to the Nelson-Aalen estimator of the cumulative hazard function using

the local least squares idea. The proposed estimators admit explicit forms, hence can
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Table 1 Estimated MISE under uniform model

local quadratic local linear  J&D kernel
£=1/10 1.10722 3.49005 9.37975  3.62497
£=1/3 0.45119 0.18086 0.93186 0.37788

Table 2 Estimated MISE under weibull model

local quadratic local linear  J&D kernel
£=1/10 0.02026 0.04317 0.02912 0.08261
£=1/3 0.02360 0.04651 0.03091 0.08589

be implemented easily. In addition, they are free from boundary effects which is a
serious problem of the kernel estimator suffer in practice. Compared to the the local
polynomial methods proposed by Jiang and Doksum (2003) and Cheng et al. (2006),
our estimators are easier to compute while processing the same theoretical properties.
By contrast, the local likelihood approach of Loader (1999) requires numerical solutions
to the maximum local likelihood problem and asymptotic normal distributions of the
local likelihood estimators remain unknown. On the other hand, it guarantees that the
hazard rate estimator is always nonnegative, while the local polynomial approaches do
not. It is an interesting topic for future studies to investigate theoretical properties
of the local likelihood hazard estimators and to compare it with the local polynomial

methods through numerical studies.

6. Proofs

Proof of Theorem 3.1

1. By the definitions of Tj(x() and the Nelson-Aalen estimator, and using change of
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variable, Tj(zg) can be decomposed into four components:

oY
Tk(m'o ZKh X(Z) — xo)(X(Z) — .%'o)k Z #

n—j+1
X=X /
O/
- [ Buw— e -m) Y L,

X, <u
Zo+ho
= nk / K (v)of ( /0 ’ dAn(t)> dLy(zo + hv)
= / K (0)0* B (0) dL(xg + hv)
+ R* / K (0)0" v (20) dL (0 + hv)
+ R* / K (0)0" By (20) (dLy, (z0 + vh) — dL(xo + hv))
+ / K (0)0 e (20) (AL (0 + vh) — dL (0 + o))

= Bk (xo) + N (wo) + BF2(z0) + H2(20), k=0,1,2.

where

0

zo+hv xo—f—hv zo+hv
/O dAn(t):/O +/ (dAn() — dA(E))
B ($0) + ’}/nv(xO)

We will show that 8kl (x) represents the expectation of Tj(xg), 75! (xo) is the

random error, and (352(zg) and v*2(xz() are the remainder terms.
. Before looking into these four components, we analyze [, (o) and v, (xo).
(a) First, by a Taylor expansion, we get

zo+hv xo+hv
an(xo) = /0 dA(t) = /0 )\(t) dt = A(:CQ + hv)

1
= A(zo) + hvX(zg) + §h202)\’(x0) + o(h?).

(b) Second, from Lo et al. (1989), there is an asymptotic representation of the

Nelson-Aalen estimator as a sum of i.i.d. random variables:

An(x()) - A(.%'O Z§ XZ7 527 .%'0) + Tn(.%'o) (1)
i=1
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where

1
sup |rp(zo)] = O ( ogn> a.s.

0<zo<T n
forz>0,290>0,6d=10r0,
I(z<zp,0=1
€(=.0,20) = —g(min(z,aq)) + 2= 100 = 1)
L(xo)
Note that the random variable {(Xj, d;, ) are bounded, uniformly in 0 <

xo < T, Eg(XZa(SZ,‘IE) = 05 and

Cov(&(X5, 04, 8),&(X,04,1)) = g(min(s, ).

Using the definition of ~,,(z¢) and the asymptotic representation of the Nelson-

Aalen estimator (1), we can obtain the following almost surely representation of

an(xO):
’an(xO) = O'nv(xO) + env(xO) (2)
where
1 n zo+hv 1 n
onv(20) = > / (X, 03,t) = — > &(Xi, 65,0 + ho)
i=1 “0 i=1

is the stochastic component of Ty (x(), and ey, (zg) is the negligible error of the

approximation which satisfies

1
sup  |enw(z0)] = O ( ogn> a.s.
n

0<xo<T

3. Then, we study the four elements of Ty (xg).

(a) By the definition of 351(zg) and Taylor expansions, we have the following

result:

B (o)
RF g A(20) 1 (z0)
+RE 2o A (o)l (z0) + 2A(m0)l" (20) + 3N (20)1(20)]
FRF T g {3V (o)l (0) + § [M (o)l (w0) + N (o)1 (0)]
g [A(zo)l" (20) + N (0)l(20)] } + o(R*T1),
= k=0,2;
WM e [A (o) (20) + o)l (o)
FRF 33 {5 (o) (20) + N (o)l (0)]
+g [A(@o)l" (x0) + X' (wo)l(20)] } + o(hFT3),
k=1.
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(b) Next, using the almost surely representation of 7, (zg) given in (2), 'y:’gl(xo)

can be decomposed into two parts as in the following lemma.

Lemma 6.1. Under conditions (A2) and (A4), for k=0,1,2,

VRN (wo) = ok (wo) + ekt (o),

where

1 n
okl (zg) = - > owk / K (v)0*€(X;y, 65, w0 + hv) dL(xo + ho)
=1

is the stochastic component of Ti(xg), and ekl(xg) is the remainder term of

the approximation satisfying

o (12))

sup
0<xo<T

Proof.

’;,\’g/l(xo) = hk/ K (0)v 0 (20) dL(zo + hv)
= hk/ K)o, (20) dL(z0 4 hv)

+ hk/ K (v)vFen, (20) dL(20 + hv)
= ok1(z0) + €l (w0)
oFl(zg) = K / K (0)0% 0o (0) dL (20 + ho)

1

= — E hk/ K (v)v*¢(Xi, 65, x0 + hv) dL(xo + hv)
n
i=1

egl(xo) = hk/ K (v)vFen, (20) dL(zo + hv)

ofi(2)

Lemma 6.2. Under conditions (A2) — (A4), for k=0,1,2,

nh—2k-1 ;E(xo) 4, N(O,L(:ﬂo)l(:ﬂo)g(:ﬂo)vgk> )
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Proof. Using the fact that E£(X;,d;,x9) = 0, we can easily derive that

E< KL (z 0)) ~0.

Besides, using the fact that Cov(£(X;, d;,5),£(X5, 0, t)) = g(min(s,t)), change
of variable for integraion, integration by parts, and Taylor expansions, we
can obtain the covariance of ( kl(z4), oml (w0)>

Let Ki(s) = K(s)s*, y = xo + ht, and Ci(p) = 7

COV( (o), Uml(%))

lh’“m // K (8)Kp,(t)g(min(xg + hs, g + ht)) dL(xo + hs) dL(xo + ht)

h’”’”/ K /th L(y)d [Km <y _h%)g(y)} dL(xq + hs)

Yy—ro

_%hk—l—m/L(y)/ " Kk(s)dL(xo—i-hS)

[ _< ) o)+ o) (150 ) | (14 ot1)
o152 5

YK, [ L= - )] (1+o(1))

nhk+m+ll( ){/ Ci(t) K (t)L(xo + ht) dg(xo + ht)

+/ Cu(t)L(xo + ht)g(zo + ht) de(t)} (1+o0(1))
nh’“m*lz { / Ci(t g(xg + ht) dL(zq + ht)
+/ K () Ky (t) L(zo + ht)g(zo + ht) dt} (1+o0(1))

= %h“m“uxo)umo)g(mo>vk+m<1 +0(1)).

Because ak (x0) is a sum of i.i.d. random variables, by the Central Limit

Theorem, as n — oo,

WA o (an) 5 7 (0. Laol(an)g(eo)en )
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(¢) As for the last two parts of Tj(zg), since
sup |L,(z) — L(z)| = O ((log n/n)lﬂ) a.s., we have the following results.

Lemma 6.3. Under conditions (A2) — (A4), for k=0,1,2,

1
(h o) )
hk 1 1/2 "
Bk2( ﬂUo O(( O%/Z ) ) for r=1,2;
sup (

0<zo<T

E<’Yn( )‘ ) =O<<hk(12%7/2)1/2>r> for r=1,2.

Then Theorem 3.1 follows from Lemmas 6.1, 6.2, and 6.3.

sup
0<zo<T

B (|

and

Proof of Theorem 3.2
Proof. (i) By the asymptotic normality of Tj(z0), we have
W{so(xom (x0) — B2 pal(wo) [A(zo)l (z0) + Axo)l(z0)]
— —{Mz {3 [A(@o)l"(w0) + N (20)l'(z0)] + [Alwo)l" (w0) + X' (w0)l(z0)] }
T 320" (20) [Ao)l'(20) + Alzo)l(x0)] }}

<, /\/(0, g(xo)L(xo)lg(xo)w) .

Vil $1 (o) Tofao) ~ 1 paA )i ao)t (oo
4
+ %{u%l'(wo){G)\(xo)l'(xo) + 3 [A(z0)l” (o) + N (z0)l(z0)] }
- madao)eo)" o)} |

N o,g(xo>L<xo>Z<xo>z’2<xo>u2vo> |
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\% nh—3{ [So(xo)Tl (.%'0) — Sl (.%'O)TO(I'Q)]
— {1 ual? (o) + %hA‘ [(1a + 13)1 (o)l (o) — 2051 (0)] J A (o)
- G B = X (o) )+ " a2 |

<, /\/(0, g(mo)L(xo)l3(m0)vg> .

So(x0)S2(z0) — SF(x0)

= W2pal? (o) + 5 [(a -+ )0l (o) — 2431 ()] + 0p(h)

Hence, we have the result

Vnh {/)\\loclin(xO) — M) — %230‘4 - M%)X(ﬂfo)l'(zz)/l(ﬂ?o) + X" (o) }

d L(ﬂﬁo)g(ﬂﬂo)v
N<O’ 1151(x0) 2>'

v nh_"{ [S2(20)S5(20) — S1(20)Sa(w0)] To (o)

- G = ) Ao ) 3 (o)) — 1" a0
1

d
0
—>N<’36

(114 — popis)*[31 (o)1 (o) — l(ﬁﬂo)l'"(ﬂ?o)]QQ(ﬁﬂo)L(Cﬂo)l(ﬂfo)vo> -
Vit [Sian)Sa(z0) - 83 (au) Tioo)
— RO pa(pua — )12 (20) [A(o)l (o) + A(xo)l(20)]
- %h8{3ﬂ2(ﬂ6 — pzpa)l(wo)l" (o) [A(zo)l'(x0) + A(wo)l(xo)]
+ pua(pa — p3) 12 (o) {3 (wo)l" (o) + N (o)l (x0)]
+ [A(zo)l" (z0) + )\”(:CO)Z(:UO)]} }}

- N(o, (s u§>2g<wo>L<xo>z5<xo>vz) |
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m{ [S1(20)S2(0) — So(x0)S3(x0)] Ta(z0)
— Woua(p3 — pa)A(o)1? (o)l ()
— a1 — a0l (o) {6A o)l (o)
+ 3 [A(zo)l" (z0) + N (z0)l(x0)] }

+ pa(piapia — M6)A(Cﬂo)52(ﬂ?0)lm(ﬂfo)}}

=} N(o, (s — u3>2g<xo>L<xo>z3<mo>z'2<wo>v4) |

\/m{ [S2(w0)S3(z0) — S1(w0)Sa(zo)] To(zo)
+ [So(z0)Sa (o) — S3(0)] T (o)
+ [S1(w0)S2(w0) — So(w0)S3(x0)] T2(w0)
— {B®ua(pua — p3)1P (o) — %h8 {(paps + )1 (x0)l" (x0)
+ 23 — pa)l(0)1 (o) — 234l (20" (20) } }A(0)

1
+ gl = N )l ao) |

- N(o, (s u3>29<wo>L<xo>z5<xo>vz> |

A(zo) = hOpa(pa — 3)1 (o) + %hg {(aps + p3) 1P (x0)l" (w0)

+ 2p4 (3 — pa)l (o)™ (20) — 2p3pual® (w0)l" (o) } + 0p(R%) .
Hence, we have the result

~ 2 . .
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