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Efromovich (2005) #& & 41 R $h8h% b3+ — L ad8ad bty ik, &
B b e 3B S B 2R S BT BT 69 T R (2 TAR] (asymptotically
optimal nonparametric univariate regression estimation in the
presence of auxiliary covariate) #9%€#, Efromovich (2005) stf&
F WX, Z) = B(Y|X,Z) - EY|X), A% A Y leipw, A%
BB (denoised scattergram), YbfAEF E(Y|X = x), 3342
Z Z—RMBIE B AR R e BT F | Jof T3 B — A
S8 THUE, KAWL Efromovich (2005) T#F ¥ 8977 ik A ks, #

h(x,z) E#4Est, EABRKIEE (denoised scattergram) FA&st
f(z) = E(Y|X = ), EFARAETALE —EDE R 45 MLk KA

f&3t (asymptotic sharp minimax estimate).

4R 9T R S MUK KA, B, IRl B B, 283096 BIIREAL,
JEL classification: C13, C14.

Y= f(X1) +m,
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i# f(X)) = B(Y|X)), {(V;,X)),l = 1,2,...,n} BRas (Y,X) & n AEARAREA,
My Ty REEZRE, B X BYE [0, 1] Efromovich (2005) 31348835 £ K K #9RUE
A A{(Y, X)), 1 =1,2,...,n} &R f(x) G+ RIE, blled—ETRAF S AREEEY
B %, Efomovich (2005) #~%5IAdhBhsdk, #mde X BLesh¥$ 7 £HR AR 8 ER
EFAEF f(x)e FRET, G54 {21 = 1,...,n} R it dish¥ s, 7 B [0,1]¢, B
X A Z REARE 2, Bl (1) KTEZE

Y, = f(X1) + M(Xy, Z)) + e, (2)

B2 (X, Z1) = EYVIXi, Z1) — f(X0), et = m — WXy, Zy), ASPEMRR 9(Xi, Z)) =
E(Y)|Xi, Z;). Efromovich (2005) %% & h(z,z) BT Hb, (2) XEITE A

Y = f(X) + e, (3)

B Y =Y, — WX, Z)). # (3) RAAE, KINETE A Efromovich and Pinsker (1996)
Wik, A0 A3t f(x) BELERE 0, = [f@)e(o)de G go(z) = 1,0,(z) =
V2 cos(rmz).)

=3 Vi An (@)
=1

B Ay = s fBl Qpr(x)dx’ §= 2Un(1n(”+20))+1J, B, = [X(max(o,l*(%S)))’X(min(lJr(% )n+1)) |
Xy & Xu, . X 89807, BARRI AR MER RO EH, RE X(g) =0, X)) =1,
Y(}k) =Yy — h(X(l) A0) Jo ARIZARATTVAVA 9* Bkt RE|—ME f(z) 89463 X,

{9* Z w0 b SDJ

142 p; AHREH shrinkage coefficients, puj; = pi(n, F), 0 < p; < 1, n7t >0 ,u? =
O(1)n—t > isoty = O(1)x n~20/ Qo) | | gt —midiE R SR MR KA (asymptotic
sharp minimax estimate), #.3tZ3%,,

1 f ) 2
fe?l(ng)E/O (f({ﬂj},x) — f(x))*dz

1

—(1+o(1)) inf sup E / (F(2) - f(2))’de
*(z) feF(a,Q) 0

20/ (2a+1)

= @@= ot [ 1 )Py )| (1+ (1),
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142 T(a) = 2a/(2n(a + 1))]2*/20H1 (20 4- 1)1/ 4D | 62(2) = Var(e| X = ), Pi(z) &
X @EREIK, f*(x) Al h(z,2) TR f(z) GFATE, £ Fla,Q) A—1E

Sobolev class,

f(a,Q){f:f( ) B o R, f(x Zﬂjgpj 98+Z(7Tj)2a9]2~<62<oo}, a>1,
j=1
P h(z,2) SomB s, BE B R 49k, Efromovich (2005) B#5HKE—18 h(z, 2) 894

KX h(x,z) RERER V) A
Yoy = Yoy — h(Xqy, Z@)),

AR Yy R Y RA (4) X, BRER

0, = Z Vi Ano

=1

=& A (9 &3t 60,., BFA (9 B A g 4E3E R
{9 } Zﬂj ]SDJ

AL — B R $LAT MUK RAEAET,
&ML Efromovich (2005) 8977 % A iat, a £ FAREAF | T3t f(2) = B(Y|X = 2),
3E B AE S E T —EHE K AR MR KA,
B E&MAEER: d=1, EY|X =2,Z =2) =g(x,2) = g1(x + 2) 8RN (g1 AT &
£ [0,2] HEREE g € L2]0,2)), & h(x,2) #H—BEX, BIERIEEY h(z,2) :4
3t h(x, z), RESA:

{9 b ZNJ s (@
AT — R R S MR K AEAE ST, Bé13530,

1 ~ A
sup E / (F({0;},2) — () da
fEF(a,Q) 0

1
=(1+o0(1)) inf sup E/ (f*(x) — f(x))*dz,
[ (@) feF(a,Q) Jo

FEztmd> L, EY|X =2,Z=2)=g(z,2) =gi(z + ('2), (3 €4) a9k, d > 1T
BB d = 1 RINEER, RIEALTZAIAEY 7 ik 3% B — B & SR MU KAt
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N

BB EIAFIOUT 513
A&

wo(z) =1, ¢r(x) = ﬁcos(k:mc),

la) = . a(e) = cos (557
B {on(@)lk = 0,1,...} & L2[0,1] #—AERRA, ()b = 0,1,...} & L2[0,2] #—
2 E AR Ko

I 1. %
|

) —F=Pj
a; = / g1(t)i(t)dt, Cij = ¢ % \/52'7796
0 / cos ——j(x)dz, i # 0,
0

(x)dz, i =0,

2

B f(x) =:E[Y|X = 2] € L?[0,1], 8

BT VA,
E(Y|T =t) = g1(t) = Z a;i(t)o
=0
do R EZ A miE T R B E R p, RIVTAA a; 2A4E7 a;,

a; = nt Z Yﬂ/’i(Tl)pil(Tl)’
=1

2
Eld;] = B{g1(T)yi(T)p " (T)} = /0 g1 (O)Yi(t)dt = aj.
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ERAERNTR 4ot T MR F R p, FOARIE R d; FAb3t,

n Np n
G =n"" V(T (1), plz) = max (% Zﬁiwi@)) pi= S (),
1=1 1=1 =0

1
N. =1 1 In(In(n+20)) _ )
» =1+ [[In(n)] 1) Y 2T (In(n 1 20))
BIVTAR )} Ao 7 2343 E [cos ] Ao B [sin 7],
a1 N [(inZ o1 . (inZ 0
%‘—nlzlcos 3 , i—nlzlsm 5 by =1, 5 =0,

BB 1, KA%iE

BEIA h(z, 2) FAk3t bz, 2):

Np N Np Np

=30 % i [oos = i y(o) - Do [sin G - 02 ).

7=0 =0 7=0 =0

£ Ny = |In(n) + 5, MR h(z,z) 2k, B Y 84 Vi BA(3) &,

KB 0, B 0% FAE3E 0,
TH 2. %

(1) B4 at24F p(t) > a > 0 #HAFTAE t € [0,2], B T AKX 0 89T R (T is bounded
below from 0), B p(t) € Ct, %4, X F= Z d.& 4otk

(2) E(e}) < C < o0,

(3) h(z,2), f(z) A,
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E@, —6)? =cpn !,
AT cpr < I(r < Np)er + ¢, cr SCNp,y ¢ — 0, & n— 00,
TIE 3. T 2 FIEMERT
oy (F({B3}.2) — F(@)dz < (1 + o(1)E / (U0 ) — (o),
AT o(1) BANAE 0, 2 f € F(a,Q).
RIFTIE 3, LA

sup E /0 (f({6:},2) — £(2))%de

fEF(a,Q)
1
(o) it sw E [ (@) - fla)Pda,
(@) feF(e,Q)  JO
KAV £
{9 b Z#J i (@

AT — AT R A% MR KRBT,

1 A~ A~
sup E / (F({0;},2) — f(2))2da
fEF(a,Q) 0

1
=(1+o0(1)) inf sup E/ (f*($) - f(x))deo
(@) feF(@,Q) Jo

3. ZAUMMBIEBTIRT d93twm

2K d>1,EY|X =22 =2)=g(x,2) = g1z + 3 2), (B &) 893Kk, T &
in 7= "7 =d
seoma 7 =B JRe T =

Bleg < X+BZ<dg+ 1.4 rg=dg—cg+1, % d=18aEMY, KMNTAE %

wo(z) =1, ¢p(x) = V2cos(krx),

1 2 k
o= o o= om (7).
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Al {op(z)|k =0,1,...} A L?[0,1] ¢9—4EFRLIK, {¢,f(x)|k =0,1,...} & L%[cg,dg +1]
B —#LERI R Rk, RITTAREARIE 1 697k, FA38] h(z, 2) 89— 1BEK, &

dg+1
o = [ el

Q
|
—pj(x)dx,i =0,
P = /01 V2
i.j iTx .
/ cos —j(x)dx, i # 0,
0 s

1 .
Diﬁj = / sin @gpj(:c)dx,
2 O ’,"/B

B f(z) = E[Y|X = 2] € L?[0,1], &

e 2 inf z inf Z
h(z,z) = —a?C’iBA cos | ——| —E |cos v, ()
]Zolzg L] J L] L] J
_ZZ zaﬁDiﬁj sin inf 2 — E |sin B Z @j(x),
j=0i=0 VP 7 "6 "8
R1% R 2
T = X1+ 82,
51 & 8/ . In(In(n+20)) _ 1
7 — (T7),N, =1 1 n = o

p; n ZZ;¢@( l )’ p + Hn(n)] J”Y Y5 ln(ln(n+20))

NP

() = max [ D50 (@) |

=1

@ =n Yy Y (1)) /5 (T),
=1
-1 1 itB 21\ - 1 B 2
Yig = - Z co s Yig = — Zsm s )
=1 =1
A h(z, 2) &3 bz, 2),

e, D inf =

~3 3 [Ratet, oo i it

7=0 =0

Nn inf z
S35 fRatnl [ - 5 e
7=0 =0 B

Ny = [In(n) + 5],
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KT &

Rod = 1 BFFai, &AM AEEA
{96} Z Mj j 80]

R — BT K HAE MUk KAEAE ST,

4. LR

TR 1, 2 4 3, KISk E (X, Y))} (4 1S), 2B {(X,Y))}
(%4% DS) KA Efromovich (1999, sec. 4.2) 875K f(x), FFRIEBEGER,

1. g(z,2) =6(x +2z—1)2 -1, f(z) =62%— 6z +1;
2. g(z,2) =2sin (Z(z +22)), f(z)=2cos(32);
3. g(x,2) = exp(z + 2), f(z) = exp(x)(exp(1) —1);

B 14 A5 140 2 a9 sd R, Beg3R £ (error) MIRAE N(0,0.1), A% n = 200,400,
X Fo Z A [0,1] 6935499 (uniform distribution),

T IS estimate #= DS estimate wsh, MM {(X;,Y; — h(X), Z;))} KA Efromovich
(1999, sec. 4.2) #97i%, 453 oracle estimate, A% 428 500 KAEH#E, Kiefey ISE &9-F
Hh, 5504 AISEIS, AISEDS, AISEO &+, #34 n = 200,400, R EZRHE N(0,0.1),
N(0,0.5), N(0,1) #4ain, 45 (AL3EDS)100, (HL2EG)100 Eamfek 14k 2, itk 1, 2
¥, Th%eid DS estimate wt IS estimate 4F, ML & % ZHET, n %Ki, (%)100 H
A, (FEO)100 A8 K83

EAEER 3, Bag 5% DS estimate A AR TR 1, 2 WF IS estimate 4, 1252 AISEDS

Hh e R AL AISEIS (19, & 3 RELAE RBFATIH ey (522221100,
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INITIAL SCATTERGRAM DENOISED SCATTERGRAM

1 n=200, (a) = (b) 23T 1 {(X;,Y))} # {(X}, 1))} 9 EE, (c) #= (d) 27
BER 1 ¥ IS 3t DS fsteg Bhtaoiaddi (4, ﬁ—ka MM (4%
%), &

1
Bta ooy () AT HE (B4),
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INITIAL SCATTERGRAM DENOISED SCATTERGRAM

(c) (d)
2 n =400, (a) # (b) 23EEER 1 {(X;,V)} # {(X},Y))} 89%%E. (c) = (d) 25
BEE% 1 F IS fFsthe DS fh3teg HHE o adotsh (b24R), 4 IL‘I‘E MR (%
®), Htasiakdsg (Bg) FETwE (24).
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INITIAL SCATTERGRAM DENOISED SCATTERGRAM

3 ) A (D) ARRER 2 {(X;,Y)} F {(X, 7)) 69#BR. (c) Fo (d) 23]
I

S f&3the DS sty Fiuta o fidosh sy (4o8h), ﬁ—ka AEEE AR (%

0, (a
2 +
+ Midkdhsy (Bisk) AT W (B4),
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& 4

INITIAL SCATTERGRAM

1.6

0.2

DENOISED SCATTERGRAM

n

A
%

o 52
B
-~
), %

400

/\
B
jus

2
%+

(a) (b)
i .
04r \\\\
(c) (d)
0, (a) A= (b) 2 5LRESR 2 {(X;,Y))} A0 {(X;, Y1)} 698 BEL (c) A= (d) 25
IS #3tfe DS feteg ot a o asdmsy (44), 4 IL+E LB R (4

T tadths (84 Ao

BE S (24),
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2% 1 (AISE'DS) 100

AISEIS
n = 200 n = 400
02=01 02=05 02=1 02=01 02=05 o?=1
F% 1 53.0 64.7 67.7 45.2 61.0 69.2
B 2 36.2 49.4 59.1 32.6 50.9 62.6

H2 (529100

n = 200 n =400

02=0.1 02=05 o2=1

02=0.1 02=05 o2=1
T 1 31.4 58.7 72.3 33.2 64.1 74.3
T 2 38.7 68.3 80.4 39.3 70.9 79.5
AISEDS
% 3 (AISEIS) 100
n = 200 n = 400

62=01 02=05 o¢2=1 0¢2=01 0¢2=05 o2=1

94.3 79.3 89.7 93.3
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W4k
T 1 ZEH:
2 [ee)
ai = /0 a(tiOd = x(0) = 3 a0
= g(x,2) = g1(z +2) = Zaﬂ/h%-i-z ——i—ZaZcos( >

\/§—|—Z:aZ cos ( cos( 22) — sin (Z2) sin (”éz)), (A1)

1 1
f(z) :/0 9(x,2) fz)x (2)dz :/0 9(z,2)fz(2)dz (RA X #o Z ZA0SEL),

< f(x), pj(x) >= /01 f(x)pj(x)dx = /01 [/01 g(m,z)fz(z)dz] @j(z)dx

et [} |3 lcon (5 con 05) = 65) i (459 st | oo

=1

1( o
= apCo,; —i—/o {Z a; (Ci,j cos (%) — D; jsin (%))} fz(z)dz

i=1

:Z {CME [cos”z] D; ;E [sm“gz]},

P}
P
~
/-\
\_/
m
b.
[N
=)
=
f
~
©
<7

0,1,...} & L?[0,1] ®9—# ERLIE, AL

Frvid (A1)
g inz e iz
g(z,2) = a;C; j cos 74,0] (x) — a;D; jsin Tapj(x),
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hz,2) = g(z,z) — f(z)
ZZGZCU COS%—E[COSWZ]]@]( )
j=

0 =0

g

o o
_ ZZ%DU [sin ZZ — E [sin ZZ]] ¢;(x)e

=0 i=0
THEPATE 2, KMELAT LY LR, MK RIERE,
31 1. Z|Arl|_2|s V] entwyiel < V2.
l
3138 2. BEAY < Cn™4 igi2ey C Sk r 2 | 1, B

n 1
S (X)) A = /O 0i(@)or (x)d + isn 7o,
=1

Erd < C #3044 i 4 1.

713 3. &
]5 l(l’) max ’YTMZP lﬂ/’z ) ZT/%
i=1 t;él
1
N =1 1 In(n)(In(n+20)) _
p + I_[ n(n)] J?PYN 21n(1n(n + 20)) )
2
< -1,
[max max [p—i(x) — p(x)| < CNpn
713 4. T &

a;=n"" Z Yioywi(Tie) )ﬁil(T(t))

t=1
i(Tyy) —

P(Twy)

- o B D
= [n 1YV(Z)¢Z(T(1) )p 1(T(l)) +n ! Z Yv(t)¢z(T(t))
£l

n=t Y YT (Te)
t#1

=:ay; + G-,

P-1(T())p(T(r))
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max max Eaj; < Cv,*n 74N4
1<I<n <N},

B, & &
i =n 1ZY bi(T)p- |, (Tiy)
t#£l1

) ln1Y<zg>¢z‘(T(zz>)ﬁzll(TuQ)H”1 > Yiti(T)

t#ly,l2

Pty 1o(T(ey) — -1, (T(y))
ﬁ*ll,lz (T(t) )ﬁ*ll (T(t))

n=t Y YT (Te)
£l

= dlllgi + a—lllgi,

max max Eal i < Cy,'n _4N4
l1,la i<Np

7132 5. Ei’rjngaj%ch(di —a;)* < 0%74[1\7;1] o

TIE 2 ZHEA:
Or = Yy = h( Xy, Zy) A
!
=D Yo +h(Xa), Zu)) - WXy, Zay) Ar
]
- Z Yiy A + Z — h(Xay, Zay) A
l
= 0" +6,,
At
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H&AMmiE

h(x,z) = ZZ@ZC’M |:CO§ 7 g [cos #H ©j(z)
§=0 i=0
— ZZGZDW [Sinm—z — |:Sln %H ©j(x)
7=0 =0
Ny Np 7
=3 Y aCiy [cosﬁ — [cos i” @;j(x)
j=0 i=0
— ZZa, i [sinﬁ -E [sin #H 0i(z) + hp(z, 2),
7=0 =0
) N, Np
) = 23y [cos 5 = 0ty (0
7=0 =0
_Zza, i |:Sln——¢2:| w;(x),
7=0 =0
FTVA,
Ny, Nh
iL(x,z Z Cij [COS? —1/%] i (@)
7=0 i= 0
h h Z
+3) ac [E -3t i)
7=0 =0
Ny Np
323 0 Dy [ 5
J 1

Np Np

-2 > ab; [En wz] (@) = ha(z, 2),

7=0 =0



ESTIMATING THE MAIN EFFECT IN SINGLE-INDEX MODELS 289

B g,

=6 = Y [ Xy, Zw) — WXy, Zay) ] A
;

St inZy
= (2.0 (@—a)Cy <COS — - m) i (X)) An

! j—Oi—o
N Np
+ Zzzaz 1,5 (ECOS— wz>‘10j(X(l))Arl
| [ 7=0:=0
N Nn iz -
+ —ZZZ a;) (sinT(l)—¢?> i (X@)An
i I j=01:=0
Np Np,
+ —ZZZ@Z ”<E51n— %)SDJ(X(l) —Zhn(X(l),Z(l))Arl
I j=0 =0 l

=: Dy + Dy + D3+ Dy + Ds,

e, B(6,)2 <5[ED? + ED2 + ED2 + ED? + ED?].

I 7=01:=0

N N inZg)
D, = [ZZZ a—y; — z ,] ( ¢z> SDJ(X(l))Arl
Nn N - Z7TZ(l) -1
+ DD (aw) Gy <COS — %) @i (X)) An

I j=01=0

: D11 + Do,
Doz S ja (z Hy) S Jal]
1,j<Np, l 1,j<Np,

ED%2<CNhN2n 2 =o(1)n~

Nn Nn Z7TZ(l) o
Dy = ZZZ a_j;—a z 7_7 oS 5 — Ecos — 5 @](X())Arl

I j=01=0

[ziiahz (s -) i

[ 7=0:=0
::V1+‘/20
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2
inZ inZ
‘/1 :Z rl Z Z a_ lz_az z ( (O 2() _ECOST> @](X(l))
l j<NhZ<Nh
i Z(1y) inZ
Y A Y ) ( 2 _ECOST)WXUI))
l1#l2 J<Np i<Np,
iTZ (1) A
Aty Z Z a—1yi — a;) Cj COST—ECOST i (X))
_]<NhZ<Nh
=: Vi1 + Vio,
2
EVi <CEZ Al D> ldi — ail +CEZ Al 33 faul
]<NhZ<Nh ]<NhZ<Nh

< czv,%ZE [\Arl\ max. |d; — all] +CN§Zmax max E[| Al

1

< 2 L4 1 _ Lo 14
< CNh¥E2[ATl] [E2 Lgrzaﬁfchml a;l } +mfmxi}}1§a§hE2[|all| ]}

< ONE S EZ[AL) [Ory N + 120 2N2] = o(1)n Y,

1
2y 2

~ iz VA
EVip < Y B (A, Y ) (an) Ciy <COS% — Ecos T) 0 (X))

l1#l2 J<Npi<Np

B i?TZl 7z
Arlg Z Z (a12l1i) Ci,j <COS % — E cos T) SDj(X(lg))

JSNp i<Np

1
4

1
2 4 ~4 1 2 4 ~4 —1
S Z {NhEAT‘ll ZIISI%); Ealllﬂ-} {NhEATlQ {2%}; Eal2lli} =N 0(1)0

l1#l>
W <C a_j; — Q; E A
< CNj, | max max |a_y; — a4 Z "z _3
>~ h 1 i<N, —li 7 L 2
1S INp
4
1 - 1 iz -
EV22 < CN;%E2 [mlaxlngl%};(a_li - al-)ﬂ x E2 Z Ecos — Q,Z)Z

i<Np,

< ON} {E; [{E?V}i(ai - ai)ﬂ +E2 [mlaxlxg%};(&li)‘l] } Nin™!

=o(1)n" %,
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B3B3 2 KA 4a
n 1 .
S i (X ) An = /O 0i(@)r (@)dz + jsn~ 1y,
=1

Eri < C #MTAH j A= r, B,

Dol =1>">" N ”<Ecos——¢> i (X)) Arn

l ]<Nh Z<Nh

=13 Y wo, (Ecos —sz) I =7)+ jsn 7]

]<NhZ<Nh
=
- Z a;C; » <Ecos WT — 1/1}) I(r < Np)
<Ny,
1 . A -
sn Z Z Ja;Cs Ecos— —1}[) Tjr
J<Npi<Np
<Y S i (Be ) e <)
’L<Nh
7 3
i _
+sn | Y (@iCiy)? (Ecos— —q,pZ) > it
iijNh 7]<Nh
=: Doy + Do
ED§2 = 0(1)’”71,
2
v oA
ED3 =I(r < Ny)n'E Z a;Cip <E coS % — cos %)
ZSNh
itz itz
<I(r < Ny)n N, Z [ a; <ECO&T—COST>:|
’L<Nh

< CI(T' < Nh)nilNh,

ED3, = o(1)n™!, ED3, < CI(r < Ny)n ' Ny,
BTVL

ED2 < Cn~'[I(r < Ny)Nj +0(1)],
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FANNEY 77 AL T VAZE A
ED] < Cn ' [I(r < Nu)Np, +0(1)] o
BTRENME EDZ, B A,
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ESTIMATING THE MAIN EFFECT OF A COVARIATE
IN SINGLE-INDEX MODELS

Ming-Yen Cheng' and Yu-Teng Shen?
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ABSTRACT

Efromovich (2005) addresses the problem of finding a relationship between the uni-
variate predictor and the response when regression errors, created in part by known
auxiliary covariates, are too large for a reliable regression estimation. The proposed
solution of Efromovich (2005) is to estimate the noise component h(z,z) = E(Y|X =
x,Z = z) — E(Y|X = z) and substract it from the response and the obtained denoise
scattergram yields the optimal estimation of the regression function. Besides, Efro-
movich (2005) develops a theory of asymptotically optimal nonparametric univariate
regression estimation in the presence of auxiliary covariates. This article discusses the
problem under single-index models. The problem is to estimate the main effect of a
covariate in single-index models. We employ the techniques of Efromovich (2005) to
estimate the main effect and prove the obtained denoise scattergram yields an asymp-

totic sharp minimax estimate.

Key words and phrases: Asymptotic sharp minimax estimate, auxiliary covariates, de-
noised scattergram, nonparametric regression, single index model.
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